ABSTRACT
clustering, are fat tailed, skewed, governed by a long range memory phenomenon...etc. Since 1982, when Engle introduced the ARCH model (which takes into account volatility clustering phenomenon) many GARCH-type models were been developed. These models give us the ability to forecast future variance values by combining past squared deviations and past variance values. Furthermore, recent articles(see (Sriananthakumar and Silvapulle, 2003; Angelidis et al., 2004; Degiannakis, 2004; So and Philip, 2006; Tang and Shieh, 2006; Bali and Panayiotis, 2007; Marzo and Zagalia, 2007; Wu and Shieh, 2007; Aloui, 2008; Kang and Yoon, 2008; Mabrouk and Aloui, 2010) affirm that financial time series data are governed by long range memory in the variance behaviour, fat tailed and skewed. Therefore, an adequate VaR model needs a correct specification of the chosen GARCH-type model. Those finding recommend us to use these models. In our paper, we look to study the price dynamics for four metal products via computing the VaR and ES based on GARCH-type models. More precisely, we assess five alternatives GARCHtype models including three fractionary integrated models to know whether we can better assess the one-day aheadVaR and ES when time series exhibit long memory in the variance dynamics. In line with some previous empirical studies, we based our study on three alternative distributions: the normal, the Student-t and the skewed Student-t distributions. Indeed, the Student-t and the skewed Student-t distributions consider for some stylized facts on financial time series data behavior such as excess kurtosis, heavy tails and excess of skewness. Finally, we computed the VaR and ES for both short and long trading positions then we assess their performance for both insample and out-of-sample periods.
The remainder of our paper is structured as follows. In Section 2, we present five GARCH-type models (used in our study) and the error's density models including normal, Student-t and skewed Student-t distributions. In Section 3, we introduce the VaR model and show how can it be computed with these GARCH-type models and we present the statistical accuracy of model-based VaR estimations. Empirical results are provided in sections 4 and 5 while section 6 concludes.
THE GARCH-TYPE MODELS

Riskmetrics Model
Thanks to its management team the U.S. bank JP Morgan in 1994 announced its own risk management methodology for measuring its internal risk. This methodology is called RiskMetrics. Indeed, due to its simplicity this method is rapidly becoming a reference for risk managers. In reality, the RiskMetrics model is an Integrated GARCH (1.1) where ARCH and GARCH parameters are prefixed.
RiskMetrics model can be written as follow:
where and fixed at for daily data. While, for weekly data is equal to .
GARCH Model
The ARCH model of Engle (1982) was generalized by Bollerslev (1986) . The generalized ARCH (GARCH) model is specified as an infinite ARCH. Indeed, it allows the reduction of parameters included in the model ARCH.
The GARCH (p,q) model can be expressed as:
The lag operator allows us to specify GARCH model as:
where ( ) ( ) Bollerslev (1986) has shown that the GARCH model is a short memory model since its autocorrelation function decay slowly with a hyperbolic rate.
The Fractional Integrated GARCH Model
Since, financial time series are usually governed by long memory process in the variance dynamics, Baillie et al. (1996) have proposed a new GARCH-type model which has the ability to model this fact. The FIGARCH model can distinguish between short memory and infinite long memory thanks to the fractionary parameter d. The FIGARCH process is able to distinguish between short memory and long memory in the conditional variance behavior. Formally, the ( ) process is specified as follows:
where( ) is the lag-operator, ( ) ∑ and ( ) is an infinite summation which, in practice, has to be truncated. According to Baillie et al. (1996) ( ) should be truncated at 1000 lags. ( ) is the fractional differencing operator. It can be defined as follows:
where, ( ) ( ) ( ) etc.
The Fractional Integrated Asymmetric Power ARCH Model
Tse (1998) have extended the FIGARCH (p,d,q) model in order to consider jointly for volatility asymmetry and volatility persistence (long memory). Indeed, the function (| | ) of the APARCH process has been added to the FIGARCH process. The FIAPARCH (p, d, q) can be expressed as follows:
where and are the model parameters. The FIAPARCH process nests the FIGARCH process when and . Thus, the FIGARCH process is sample case of the FIAPARCH model.
2.5.The Hyperbolic GARCH Model
Davidson (2004) 
The HYGARCH is Generalized FIGARCH since it nests to GARCH when and to FIGARCH model when .
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The Error's Density Models
Assuming the assumption that the random variable is ( ), the log-likelihood of normal distribution ( ) Norm L can be written as follows
where is the number of observations. In practice it's difficult to consider that economic time series are normally distributed. Indeed, previous empirical studies have shown that residuals are fat tailed. In order to take into account the excess of kurtosis, the Student-t distribution is included in our study. If the random variable is ( ), the log-likelihood function of the Student-t distribution ( ) Stud L will be defined as follows:
where ( )is the gamma function. In contrast to the normal distribution, the Student-t distribution is estimated with an additional parameter , which stands for the number of degrees of freedom measuring the degree of fat-tails in the density.
To consider jointly for the excess skewness and kurtosis, we include the skewed Student-t distribution proposed by Lambert and Laurent (2001) in our study. If ( ), the log-likelihood of the skewed Student-t distribution ( ) SkSt L is as follows:
is an asymmetry parameter. The constants ( ) √ ( ) are the mean and standard deviations of the skewed Student-t-t distribution:
The value of ( ) can also represent the degree of asymmetry in the residual distribution. We note that when ( ) , the skewed Student-t-t distribution equals the general Student-t-t distribution, ( ).
THE VALUE-AT-RISK
We present in this sub-section the VaR's values using a FIAPARCH model with skewed Student-t distribution innovation. We consider that:
The is governed by a FIAPARCH (p, d, q) process and the innovations are said to be described by the skewed Student-t distribution if:
In the above equation, ( | ) enotes the symmetrical Student-t density and is the asymmetry parameter. The estimated VaR for the long and short trading positions can be expressed as follows:
In the Eqs. 17 and 18, and are the VaR for, respectively, the long and the short trading positions.
They are written as follows:
Where ( ) is the left quantile at the of the skewed Student-t distribution innovation. Correspondingly, ( ) is the right quantile of the skewed Student-t distribution 1 . According to Lambert and Laurent (2001) and Wu and Shieh (2007) we can compute the one-day-ahead estimated at time ( ) for the long and the short trading positions. Under the hypothesis of skewed Student-t distribution, these are given by:
Test of VaR Model Accuracy
Backtesting the accuracy for the estimated VaR is crucial. The VaR quality estimation depends on the methodology of computation of VaR. Therefore, to investigate the VaR performance we have computed the empirical failure rates for both short and long trading positions. The prescribed probability is ranging from 0.25% to 5%. In reality, the failure rate is the number of times in which returns exceed (in absolute value) the forecasted VaR. If the model is said to be correctly specified, when the failure rate is equal to the specified VaR's level. In our study, the backtestingVaR is based on Kupiec (1995) For more details, see Lambert and Laurent (2001) , Giot and Laurent ( 2003) and Wu and Shieh (2007) .
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Under the null hypothesis, has a ( ) as an asymptotical distribution. Thus, a preferred model for VaR prediction should provide the property that the unconditional coverage measured by ( ) equals the desired coverage level .
DATA AND PRELIMINARY ANALYSIS
The data consist of daily closing prices for four metal assets including Aluminium, Copper, Nickel and Zinc (in US dollars per ton) on the London Metal Exchange from January 1989 to December 2005. The period of study and the number of observation are indicated in the table below. For each series, the log-returns is expressed (in %) as,
where St denotes the daily closing price. normality of our time series2. Using the Ljung-Box Q statistic of order 20 based on the returns and the squared returns, we can also reject the null hypothesis of white noise and affirm that all the time series are autocorrelated.
Graphical Analysis
Figure-1. Indicates that all sample return series exhibit volatility clustering as periods of low volatility followed by periods of high volatility. Indeed, this confirms the presence of ARCH effect in the series. 
Unit Root and Stationarity Tests
Checking the presence or not of unit root and testing stationarity is crucial. As it is given by the above, the results indicate that for all the time series the null hypothesis of presence of unit root is absolutely rejected by the ADF and PP tests. The KPSS test indicates that the metal returns time series are stationary at a 1% significant level.
Long Memory Tests
Testing the presence of long range memory is important. Indeed, like many previous studies we use the absolute returns and the daily squared volatility returns as two proxies of daily volatility. To test long memory we employed three long-range memory tests: Lo (1991) test, the log-periodogram regression (GPH) of Geweke (1983) and the Gaussian semi-parametric estimate (GSP) of Robinson and Henry (1998) . presence of long memory in both absolute log return and squared log return. Furthermore, the GPH and GSP tests reject the null hypothesis of short memory. Indeed, the two time series are governed by long memory process. Thus, we are motivated to look for fractionally integrated models.
EMPIRICAL RESULTS
Estimates GARCH-Type Models
Results of RiskMetrics, GARCH, FIGARCH, FIAPARCH and HYGARCH models under normal, Student-t and skewed Student-t distributions are provided in Tables 5-10 Tables-5. As it is founded by JP Morgan, the RiskMetrics model is a pre-specified IGARCH (1,1) model. Indeed, the GARCH coefficient( ) is equal to with daily data while with weekly data the is set to . Since our study is focused on daily time series data, we have fixed at
To check the flexibility of this GARCH-type models, we are referred to the output of the Box-Pierce test on standardized residuals and squared standardized residuals, the RBD test, the ARCH-LM test and the Pearson goodness-of-fit statistic applied after the estimation of the RiskMetricsmodel (including an AR (1) term). Those tests clearly indicate that the RiskMetrics specification is not appropriate. Table 6 provides the estimation results of GARCH model under three alternative distributions (normal, Student-t and skewed Student-t). As we see both ARCH and GARCH coefficients are positive for all our time series data.
Furthermore, the condition of existence of conditional variance is justified since for all return series . As it is shown by Bollerslev (1986) for a GARCH (1, 1) the autocorrelations decline exponentially with a decay factor of Indeed, this sign clearly indicates that the GARCH is a short memory model. In reality, financial and commodity returns series are usually not normally distributed. Therefore, the normal distribution fails to consider same stylized facts such the excess of kurtosis (fat tail) and asymmetry measured by skewness. To take into account those facts, we estimate GARCH-Types 3 models under three different innovation distributions. The Student-t distribution can model fat tails and the skewed Student-t distribution is used to assess both the fat tails and excess of skewness in the returns. As it is provided in table below we note that the GARCH models can models the dynamics of our time series data. The log-likelihood values for the GARCH models indicate its superiority compared to the RiskMetrics model. Furthermore, the (same) misspecification tests reported below suggest that the ability of GARCH (1,1) in modeling our stock returns series is proved. Well, both The log-likelihood and the Akaike information criterion reveal that GARCH models under a skewed Student-t distribution provide the best results compared to other distributions (normal and Student-t). In reality, return volatility changes quite slowly over time. Indeed, the autocorrelation function decays hyperbolically as shown in Ding et al. (1993) among others. Therefore, the effects of a shock can take a considerable time to decay. So, when we consider a stationary process, the propagation of shocks decays very quickly (at an exponential rate). But when the process is a unit root the shocks effect is infinite. Thus, a factionary integrated model can be a good solution to take into account the long memory (long-run dependence.) in the return volatility. Estimates results of long memory GARCH-type models are given in table 7-9
The Results show that all times series are governed by long memory process. Indeed, the fractionary integrated parameter d ranges from 0.30 to 0.46. Therefore, this models which takes into account volatility clustering and long range memory in the variance outperforms GARCH and RiskMetrics models. This superiority is confirmed by the misspecification tests. Furthermore, the log-likelihood and the Akaike information criterion confirmed these results.
As we see the skewed Student-t distribution provides the most adequate FIGARCH model for the seven time series.
In the fact this distribution considers heavy tails and skewed distribution. justified by referring to the log-likelihood and the Akaike information criterion values.
The VaR Analysis
The in-Sample VaR Estimation Results
In this sub-section, we estimate the one-day-ahead VaR and ES for the AR (1)-FIAPARCH model under the three alternative innovation's distributions (normal, Student-t and skewed Student-t) for the four metal return series.
Indeed, we have computed the Kupiec (1995) LR tests. The VaR levels range ( ) from 0.05 to 0.01 for short and it ranges from 0.95 to 0.99 for the long trading positions. In addition, the Expected Shortfall (ES) is computed for both short and long trading positions for the mentioned levels. As we knew, the failure rate for the short trading position denotes the percentage of positive returns larger than the VaR prediction. However for the long trading positions, the failure rate is the percentage of negative returns smaller than the VaR prediction.
Those results are reported in the following Tables. Table- the hypothesis of correct model is fully rejected since there is a considerable difference between the prefixed level (α) and the failure rate. These results are the consequence of excess of kurtosis and skewness which are not taken into account in the case of a normal distribution. While, results given in the case of the symmetric Student-t FIAPARCH model are quietly better than normal distribution in the fact that the Student-t distribution may models fat tail in returns. Therefore, VaR based on Student-t AR (1)-FIAPARCH model improves those given in the normal case.
More precisely, VaR performance is improved but is still not satisfactory in all cases. VaR model based on the skewed-Student-t FIAPARCH model outperforms all other models for both short and long trading position. Results indicate the skewed-Student-t distribution which has the ability to model both fat tailed and skewed returns performs very well for both short and long VaR.
The out-of-SampleVaR Estimation Results
As we know Value-at-Risk target is to quantify the potential losses in a definite horizon. Indeed, VaR model is based on forecasting risk which has to be made for a holding period forecast h. In our study we have tested the short and long VaR out-of-sample for one day horizon. Therefore, the skewed-Student-t FIAPARCH model under three alternative innovations' distribution was assessed to predict the one-day-ahead VaR. Indeed, we considered 1000
observations of the out-of-sample (last five years). Our forecast updated the FIAPARCH model parameters every 50 observations in the out-of-sample period. 
CONCLUSION
In this paper we have computed VaR and ES for four metal return series. Since all sample return series are characterized by volatility clustering, we have assessed five GARCH-type models including three fractionary integrated models for the sake of taking into account volatility persistence phenomenon. GARCH-type models are assessed under three alternative distributions which are normal, Student-t and skewed Student-t distributions (only RiskMetrics model was been assessed under a normal distribution). Our findings show that the skewed Student-t FIAPARCH model performs others thanks to its ability to consider jointly for asymmetry, long memory. We have computed the VaR for one day ahead for both short and long trading position. Backtesting results reveal the
